Abstract-We present a new approach for performing numerical simulations of optical feedback semiconductor lasers for moving targets. The derived rate equation for the complex electric field is suitable for the numerical analysis of the dynamics in a self-mixing semiconductor laser with a Doppler frequency shift. We present numerical examples calculated using the rate equations.
I. INTRODUCTION
T HE dynamic properties of semiconductor lasers with optical feedback have been studied for the last two decades, from the viewpoints of both fundamental science and practical applications [1] . When an external reflector is continuously moved along the optical axis of a semiconductor laser, the feedback light constructively or destructively interferes with the internal laser oscillation. In this case, a Doppler beat in the laser output power or even chaotic undulations are observed depending on the external feedback strength [1] , [2] . Although the overall bifurcations may resemble those for a small displacement of a static external reflector, their dynamic nature is strongly dependent on time development. This is because the Doppler effect is not discrete even when the speed of the reflector is low. Self-mixing light signals with a corresponding spatial period of (where is the optical wavelength) before the onset of chaos are used to measure the displacement, vibration, or velocity of reflecting targets based on a fringe counting method that does not require using external photodetectors [3] - [8] . This Doppler-based technique has been widely used in flow and velocity sensors for nondestructive measurements [9] - [11] .
The optical feedback ratio required to observe periodic Doppler signals in self-mixing semiconductor lasers is usually very low, being less than in amplitude reflectance (equivalent to an intensity reflectance of 60 dB). When the optical feedback ratio is increased, the laser intensity initially exhibits symmetric periodic sinusoidal oscillations with time development; it then produces asymmetric sawtooth-like waveforms, and finally it evolves into chaotic oscillations [12] , [13] . Asymmetric undulations can be applied to discriminate the moving direction of a reflecting target. Linear stability analysis and steady-state approximations for small, smooth self-mixing surface-emitting vertical-cavity semiconductor lasers, which can be used for analyzing the dynamics of a feedback mirror with a low reflectivity [14] . They considered very limiting cases and the derived equations were only valid for very small values of the derivative of the complex field (i.e., for very low feedback ratios). Therefore, their rate equations are not adequate for investigating the dynamics of moderate optical feedback levels and it is still necessary to develop rate equations that can be used to numerically analyze the dynamics of moderate optical feedback levels.
In this letter, we develop a rate equation for the complex electric field in semiconductor lasers with Doppler-shifted frequencies. This rate equation is suitable for numerical analysis of the dynamics even for moderate optical feedback. In the complex field equation in this case, the delay term of the optical feedback becomes a time-dependent parameter. Therefore, it is not easy to perform numerical simulations using the ordinary field equation, since the delayed optical field amplitude is a scaled function of time ( and are a scale parameter and a time-independent constant delay related to the target velocity, respectively). For the delay differential equation where different time scales, and , coexist, we must prepare a large number of arrays for the delay term in order to calculate the updated complex amplitudes. In this letter, the time-dependent optical-delayed feedback amplitude in the field equation suitable for the dynamics of the Doppler frequency shift is extended. Some numerical simulations for the dynamic laser Doppler oscillations are demonstrated based on the established rate equations.
II. COMPLEX FIELD EQUATION
Here, we develop the rate equation of the electric field in self-mixing semiconductor lasers with Doppler frequency shifts, which is suitable for numerical analysis of the dynamics. We first derive the complex field of the optical feedback from a moving reflector, since incorrect Doppler phase is sometimes employed in the literature. At the exit face of the laser facet, 1041-1135/$25.00 © 2009 IEEE the complex field of the feedback light including optical frequency oscillations from a reflector moving with a constant vector velocity is given by [9] (1) where and are, respectively, the vector wavenumbers to and from the reflector at time , , and are the respective position vector coordinates, and is the angular frequency of the internal laser oscillation. The equation is for a single optical feedback and is valid for an amplitude feedback ratio of a few percent. A semiconductor laser can easily exhibit chaotic dynamics even with this low optical feedback [1] . We apply the relations , and , where and correspond to respective variables at time . Then the complex field is written as (2) where and are the offset round-trip time of light and the Doppler shifted angular frequency, respectively, and are given by (3) (4) where is the offset distance of the reflector from the laser facet at and is the velocity of light in vacuum. is the round-trip time of light scattered from the moving object and is written as (5) For a moment, we concern the delay field amplitude (6) with (7) for a very small value of . In ordinary velocity measurements, for example in mechanical applications, is less than -. Since the rate equation of the field involves different time bases (namely, and ), it is not easy to perform numerical calculations using conventional methods. A function of scaled variable of with a small value of can be expanded as a nonscaled function by virtue of the Mellin transform as follows: (8) where is the Mellin transform of the function . Then taking the inverse Mellin transform of (8) and using the properties of the Mellin transform yields (9) Applying these relations to the optical feedback term with and in our case, the optical feedback amplitude can finally be written as (10) Then, the rate equation for the complex field (where and are the amplitude and phase, which vary slowly compared with the optical frequency) in self-mixing semiconductor lasers, which is suitable for numerical calculations, can finally be written by (11) where is the linewidth enhancement factor, is the gain, is the time-dependent carrier density, is the carrier density at threshold, is the feedback strength parameter, and is the round-trip time of light in the internal cavity [1] . In the above equation, we assume a small or moderate optical feedback (i.e., the feedback amplitude reflectance of the laser cavity should be less than a few percent) so that the feedback term is limited to a single loop. For the carrier density , which is the counterpart variable for calculating the dynamics in self-mixing semiconductor lasers, the same equation as that for optical feedback from a fixed reflector can be used [1] .
III. NUMERICAL EXAMPLES
Using the developed rate equations, we perform numerical simulations for the evolution of chaotic dynamics in self-mixing semiconductor lasers with Doppler-shifted frequencies. The parameter values used in the numerical calculations are , m /s, m ps, m/s, nm, ps, and ns (where is the carrier lifetime). The injection current is fixed as , where is the threshold current. At this injection current, the relaxation oscillation frequency of a single-mode laser is calculated to be 2.51 GHz. Fig. 1 shows the bifurcation diagrams for a fixed external reflector at cm. For a static reflector, the bifurcation characteristics depend strongly on the position of the external mirror and its reflectivity [16] . In addition, the Doppler dynamics in self-mixing semiconductor lasers are strongly dependent on the offset external mirror position and the reflectivity. Here, the feedback coefficient is defined as using the internal reflectivity of the laser facet . The internal facet reflectivity is set to be in the numerical simulations. For the offset external reflector length at cm, we investigate the laser Doppler dynamics. The results are shown in Fig. 2 . As the external reflectivity increases, the output power of the self-mixing semiconductor laser shows sinusoidal oscillations in Fig. 2(a) and sawtooth-like periodic oscillations in Fig. 2(b) . The Doppler frequency is MHz (equivalent to a time period of 391.5 ns), which is exactly the same as the frequency calculated from (4). Over a certain breaking point, the laser becomes unstable and oscillates with a burst-like waveform as shown in Fig. 2(c) . While Fig. 2(c) does not show it clearly, the frequency of the periodic burst corresponds to the relaxation oscillation. Even for such unstable oscillations, the Doppler frequency is still visible in the waveform. In Fig. 2(d) , the main Doppler frequency is still preserved, but the laser becomes more unstable. If we replace the time scale with an external cavity length, very similar waveforms as those shown in Figs. 2(a) and (b) are observed for static optical feedback for a discrete change in the mirror position. However, different dynamics are observed for a range of intermediate optical feedback ratios, which are not observed for a static displacement. For moderate optical feedback, the periodicity of the Doppler effect is barely detectable, as shown in Fig. 2(e) . However, with a further increase in the external reflectivity [see Fig. 2(f) ], the laser output shows completely chaotic oscillation and no Doppler frequency component is observed in the waveform. For the offset distance cm in Fig. 1 , the laser has already evolved into strong chaotic oscillation under this condition.
We have developed a rate equation for the complex field in self-mixing semiconductor lasers, which is suitable for numerical simulations. The dynamic properties of self-mixing semiconductor lasers with Doppler-shifted frequencies for small to moderate optical feedback ratios can be studied using the established rate equations. Furthermore, we can study the effects of the laser parameters on laser Doppler velocimetry (LDV) signals and obtain good indications for how to attain an efficient contrast in LDV signals that contain spontaneous laser noise.
